Strong coupling lattice QCD in the dual representation allows to study the full µ-T phase diagram, due to the mildness of the finite density sign problem. Such simulations have been performed in the chiral limit, both at finite N t and in the continuous time limit. Here we extend the phase diagram to finite quark masses, with an emphasis on the low temperature first order transition. We present our results on the quark mass dependence of the critical end point and the first order line obtained by Monte Carlo via the worm algorithm.
Introduction
It is possible to investigate the full µ-T phase diagram using strong coupling lattice QCD in the dual representation due to its mild sign problem. The sign problem depends on the representation of the partition function. It is well known that in the strong coupling limit β ≡ 2N c g 2 → 0, i. e. in the absence of the gauge action, one can make use of a dual representation due to the factorization of one-link gauge integrals [1] . This dual representation is well suited for Monte Carlo simulations via the worm algorithm [2, 3] . Such simulations on the µ-T phase diagram have been carried out in the chiral limit [4, 5] . Simulation at finite quark masses have been studied in [3] . Here we extend on these studies and focus on the phase boundary for finite quark masses. Also we obtain the critical end points (CEP) for finite quark masses.
The Lagrangian for staggered fermions χ including an anisotropy γ, favoring temporal gauge links in order to continuously vary the temperature, is:
η ν (x) e µδ ν0 χ(x)U ν (x)χ(x +ν) − e −µδ ν0 χ(x +ν)U † ν (x)χ(x) . 
This partition function describes a system of mesons and baryons. The mesons live on the bonds b ≡ (x,μ), where they hop to a nearest neighbor y = x +μ, and the hopping multiplicity are given by so-called dimers k b ∈ {0, . . . , N c }. The baryon must form self-avoiding loops.
where ℓ denotes a baryon loop, N0 is the number of baryons in temporal direction. N t is the number of lattice sites in temporal direction and r ℓ is the baryon winding number in temporal direction. σ (ℓ) is the sign. The sign is related to staggered phase factor ημ (x) and the geometry of the baryon loop ℓ: the winding number r ℓ and the number of baryons in negative direction N − (ℓ). N − (ℓ) comes from the negative sign in front of the second term in Eq. (1.1). By the Grassmann constraint, the summation over configurations ∑ {k,n,ℓ} in Eq. (1.1) is restricted by the following condition.
In the chiral condensate part, m q is the quark mass and n x is the number of monomers at site x. In the chiral limit, monomers are absent to avoid that the partition function becomes zero. On the contrary, for finite quark masses, monomers are present.
Chiral and Nuclear Transition

Symmetries and phase diagram
The chiral symmetry at strong coupling is χ ′ (x) = e iαε(x) χ(x), where ε(x) = (−1) ∑ µ x µ . It is spontaneously broken ( χ χ = 0) at low temperatures and densities. At high temperatures and densities, the chiral symmetry is restored ( χ χ = 0). Between these two phases, there is a 2nd order phase transition line with O(2) critical exponents at small chemical potential (µ < µ tric ) and a 1st order line µ 1st (T ) > µ tric . The tricritical point (TCP) is located between the 2nd and 1st order lines point. On the other hand, nuclear transition between vacuum phase and nuclear matter phase does not have the 2nd order line. They have the 2nd order CEP that is similar to the CEP of a liquid gas transition, and the 1st order line is located below the CEP. The 1st order line µ 1st (T ) separates the hadronic phase where the baryon density n B = 0 from the nuclear matter phase. At T = 0 and above µ > µ 1st , where n B = 1, Pauli saturation occurrs: Due to the finite lattice spacing, the baryons form a crystal in this nuclear matter phase, i. e. every lattice site is filled by a baryon. Because of the Pauli principle, the mesons and the baryons can not intersect with each other. Hence, in the nuclear matter phase, the chiral condensate χ χ vanishes. On the contrary, in the hadronic phase, the baryons are rare and the mesons are common.
Observables
Our observables for the chiral transition are the chiral condensate χ χ and the chiral susceptibility χ ch .
where N M ≡ ∑ x n x . In the chiral limit, χ χ = 0 because N M = 0. For the nuclear transition, we measure the baryon density n B and the baryon susceptibility χ B , which are given by the winding numbers r ℓ ∈ Z.
The general reweighting method with the average sign is applied in our study.
where ∆ f is the difference between full and sign-quenched free energy density.
Anisotropy and finite temperature
We introduce the anisotropy γ in the Dirac couplings in order to vary the temperature in the strong coupling limit β = 0, where a does not vary, but a t does vary in Eq. (1.1). The ratio of the lattice spacing in spatial and temporal direction can be written as a general function a a t = ξ (γ). Mean field theory of Eq. (1.2) suggests [6] that ξ ′ (γ) = γ 2 , it is an N t -independent choice. ξ (γ) is obtained from non-perturbative calculation [7] . Hence, we use the following notations to distinguish ξ (γ) and ξ ′ (γ). 
Figure 1:
The average sign in the range of 0.5 < aT ′ < 1, and 0.6 < aµ ′ < 0.8 for am q = 0.01, 0.1. Here,
In order to show the mildness of the sign problem in the dual the representation, we plot ∆ f in Fig. 1 which is defined in Eq. (2.3). In the area of 0.5 < aT ′ < 1, and 0.6 < aµ ′ < 0.8, where our simulation is done, the average sign is quite small for various quark masses am q = 0.01, 0.1.
Finite size scaling at finite density
We use finite size scaling to the chiral and nuclear susceptibilities to find the temperature of CEP. The finite size scaling is carried out using the following critical exponents. In the chiral limit (m q = 0), the O(2) exponents with L ρ(≡γ/ν) , γ = 1.3177 and ν = 0.67155 are used for the 2nd order line in chiral transition and CEP in nuclear transition. For the crossover region in the nuclear transition, ρ = 1 is applied. We use the exponents with γ = 1 and ν = 0.5 at the TCP for the chiral transition. For the finite quark masses, we apply the Z(2) exponents with γ = 1.237 and ν = 0.613 at the CEP for both chiral and nuclear transitions. ρ = 3 is applied for the first order lines.
We scan the parameter space along the µ-direction for various temperatures in the range of 0.5 ≤ aT ≤ 1.0 with the step size 0.05 to find the CEP and phase boundary. We analyse a peak of the chiral and baryon susceptibilities. In the chiral limit, the chiral susceptibility does not have a peak. Hence, we use the baryon susceptibility to find the TCP temperature because the location of the TCP in the chiral transition is same as that of the CEP for the nuclear transition in the strong coupling limit (β = 0). For finite quark masses, the chiral susceptibility has a peak. So, we obtain the CEPs and phase boundaries separately from the chiral and nuclear transitions. We use the standard finite scaling method to find the temperature of the CEP. We compare the peak heights of the different lattice volumes, they are rescaled by the CEP exponents. By the standard method, the peak heights of the different lattice volumes become equal at the temperature (aT ′ E ) of the CEP. To obtain the critical chemical potential a t µ ′ c , we analyse the peak position of the chiral and baryon susceptibilities. For the chiral transition in the chiral limit, we obtain the critical chemical potential a t µ ′ c from the crossing points between the different lattice volumes because the chiral susceptibility does not have a peak. For other cases, we obtain the peak position using the following way. First, we fit a peak of the susceptibility using the Breit-Wigner function with polynomial to find the peak position. The red lines in Fig. 2(a) are the peak position with fitting errors. After we get the a t µ ′ c , we do the extrapolation to the thermodynamic limit to eliminate the volume dependency. The results of extrapolations have very linear behavior with respect to 1/V as shown in Fig. 2(b) . The chiral and baryon susceptibilities in the chiral limit. In the case of chiral susceptibility, we apply the finite size scaling with ρ = 1.962 for the 2nd order in the third panel, and ρ = 3 for the 1st order transition in the first panel. For the baryon susceptibility, we apply ρ = 1 for crossover transition in the forth panel, and ρ = 3 for the 1st order transition in the second panel.
First, we address the results in the chiral limit comparing the 1st order lines from the nuclear and chiral transition. We plot the chiral and nuclear susceptibilities in Fig. 3 . For the chiral transition at aT ′ = 0.95, we use the O(2) exponents for 2nd line. But the case of nuclear transition at aT ′ = 0.95, crossover scaling ρ = 1 is applied. We apply finite size scaling with ρ = 3 at aT ′ = 0.7 for both chiral and nuclear transitions because they are belonged in the temperature of 1st order transition.
If we turn on the quark mass, the chiral susceptibility has a peak. We plot the chiral condensate and susceptibility for finite quark mass in Fig. 4(a) . The baryon density and susceptibility for finite quark mass are plotted in Fig. 4(b) . For the lower panels in Fig. 4(a) and Fig. 4(b) , the Z(2) exponents are applied. Then, the order of peak heights at aT ′ = 0.725 and those at aT ′ = 0.75 are opposite. Hence, we find that the temperature of the CEP is located between 0.725 < aT ′ < 0.75. The phase boundaries for finite quark masses are obtained from the peak analysis explained above. In the Table 1 quark masses. We also compare the results to the Mean Field results in Table 1 . [3] and Mean Field results [8] . The forth column shows the results when we apply the correct anisotropy ξ (γ).
Phase diagram for finite quark masses
Finally, we obtain the phase diagram for finite quark masses. We plot the phase diagrams applied ξ ′ (γ) = γ 2 and ξ (γ) in the first and second panels in Fig. 5 . When we apply the ξ ′ (γ), they have back-bending in the low temperature region. This is because for γ < 1 spatial dimers are favored, which results in an unphysical phase boundary. However, the back-bending disappears when the correct non-perturbative result ξ (γ) is applied. The third panel shows the trajectory of CEPs and those of mean-field theory [8] . The x-axis (am q ) 2/5 in this panel is suggested by tricritical scaling. Due to the correct non-perturbative anisotropy ξ (γ), the mismatch with mean-field theory has been enlarged. Just as aT c differs between Monte Carlo and mean-field theory, also the slope in (am q ) 2/5 differs.
Conclusion
We obtain the phase boundary and critical end points for various quark masses using Monte Carlo simulation in the dual representation. We extend the 1st order phase boundary to the lower The first and second panels are the phase boundary of chiral and nuclear transition for finite quark masses. In the first panel, we apply the ξ ′ (γ) = γ 2 for anisotropy. They have back-bending at the low temperature region. In the second panel, we apply ξ (γ) obtained from non-perturbative calculation. After we apply the correct anisotropy, the back-bending has disappeared. The third panel is the trajectory of critical end points (from ξ (γ) and ξ ′ (γ)) and those of mean-field theory.
temperature than the previous Monte Carlo results. As expected, both the nuclear and chiral 1st order transitions are on top also for m q > 0. By applying the non-perturbative results for a a t ≡ ξ (γ), we confirm the disappearance of back-bending for all quark masses.
